Nonstationary molecular states which contain electronic coherences can be impulsively created and manipulated by using recently-developed ultrashort optical and X-ray pulses via photoexcitation, photoionization and Auger processes. We propose several stimulated-Raman detection schemes that can monitor the phase-sensitive electronic and nuclear dynamics. Three detection protocols of an X-ray broadband probe are compared -frequency dispersed transmission, integrated photon number change, and total pulse energy change. In addition each can be either linear or quadratic in the X-ray probe intensity. These various signals offer different gating windows into the molecular response which is described by correlation functions of electronic polarizabilities.
I. INTRODUCTION
Many spectroscopic techniques involve the creation and manipulation of coherences followed by a stimulated Raman detection of a probe pulse [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The field of multidimensional spectroscopy was launched by looking at the delays between impulsive stimulated Raman events [13] . In the simplest conventional one-dimensional (1D) time-domain stimulated Raman technique, the molecule is first prepared in a vibrational superposition state by an off-resonant Raman pulse and, after a variable delay period T , the transmission change of a second probe pulse is detected. The transmission oscillates with T between gain and loss at the vibrational period, and a Fourier transform then reveals the vibrational frequencies [14] [15] [16] . Optical Raman techniques have been applied to study electron transfer and nonadiabatic dynamics at conical intersections. Using recently developed FEL and HHG sources [17] [18] [19] , Raman techniques can be further extended to the X-ray regime [20] [21] [22] [23] [24] whereby the system is initially prepared in the superposition of valence electronic states and an X-ray Raman probe then reveals information about electronic, rather than vibrational, coherence.
We had recently investigated multidimensional Raman techniques in the visible/IR regime [15] . Signals quadratic in the probe pulse intensity which use broadband or shaped pulses to probe excited state dynamics following the preparation by resonant UV actinic pulse were studied. Various simulation protocols which differ by the level of complexity and computation cost were compared. Starting with the most computationally expensive expensive exact numerical propagation, we developed more approximate sum-over-states expansion and the Stochastic Liouville Equation (SLE) to describe complex dynamics. Excited state preparation has been limited to excited electronic state populations which do not carry phase information. In our recent work [25] we had extended the SLE approach to both linear and quadratic off-resonant Raman signals with shaped pulses. The Raman resonance line shapes were calculated for systems with nonequilibrium initial state prepared by a resonant actinic pulse. We then investigated the relative phase dependence of time evolving Stokes and antiStokes components of the spectra in quadratic signal with shaped pulse [26] . The results show the energy redistribution between different spectral components in Raman signals.
This paper presents several electronic Raman techniques performed with X-ray pulses that carry higher levels of information [21, 27, 28] . The same techniques apply to conventional vibrational Raman as well. Using an intuitive diagrammatic approach, we derive expressions 2 for three basic detection protocols of the probe: (i) the change in number of photons S (N ) ,
(ii) the change in the transmitted probe energy S (E) and (iii) the frequency-dispersed probe transmission S (f d) . In addition, signals may be linear or quadratic in the probe intensity and may utilize broadband or hybrid shaped (a combination of broad and narrow) probes as well as resonant or off-resonant with material transition. The energy exchange between field and matter is discussed. In the case of an off-resonant probe, the number of photons is conserved and S (N ) = 0. For a hybrid pulse composed of a narrowband and a broadband component, we see oscillations between Stokes/anti-Stokes components [26] with the delay T , whereas for a single broadband pulse the entire pulse envelope oscillates, smearing out the spectral features in the hybrid signal [29] .
We present a systematic organization scheme for stimulated Raman multidimensional spectroscopies applicable when the preparation of some nonstationary state, the nature or dynamics of which is the object of study, is temporally well-separated from the detection process. Many conventional spectroscopic techniques (e.g. pump-probe type) fulfill these conditions [30] [31] [32] . The scheme takes the inital state as a given and classifies signals by their dependence on detection parameters. These parameters control which features of the nonstationary state are observable and how they manifest. In particular, we examine different choices for the field (whether the field spectrum is resonant or off-resonant with the material transitions), the intensity scaling with the detecting field (linear or quadratic), the spectral shape of the detecting field (broadband or hybrid broad-narrowband). These are only a few of the possible combinations of parameters that could describe spectroscopic detection of a nonstationary state. Similar ideas were pursued for off-resonant X-ray scattering (diffraction) [33, 34] and for spontaneous emission following impulsive Raman X-ray excitation [35] .
While off-resonant Raman signals are simpler to analyze, resonant pulses are more selective to a given atomic core transition and provide additional specific information about molecules. We examine different simulation protocols and derive expressions that may be used for direct numerical propagation of the wavefunction in Hilbert space, which includes all degrees of freedom explicitly, or the density matrix in Liouville space [36] , which gives a simple picture of bath effects and allows for a reduced description via the Stochastic Liouville Equations (SLE) [15, 25, 37] .
In the off-resonant regime the field-matter interaction Hamiltonian is the product of field intensity and a molecular polarizibility, while in the resonant regime it is the dot product of field amplitude and molecular transition dipole. We will investigate stimulated X-ray Raman signals from a molecular model system with a band of valence states a, c, d, etc. and a core excited state band x, y as shown in Fig. 1 (though, as mentioned in the introduction, the formalism applies as well for other different energy regimes e.g. x, y valence excitations and a, c, d vibrations). We assume that the system is prepared at time τ 0 in a superposition of valence states ψ i and is monitored by interaction with a broadband probe pulse centered around time t 0 . This is depicted diagra- diagrams, the system is assumed to be prepared from the ground state by some unspecified process (depicted by the grey rectangles). The preparation process terminates at time τ 0 after which the system evolves freely until it begins interacting with the probe which is taken to be centered at time t 0 . The delay parameter T = t 0 − τ 0 is therefore shown next to the diagrams. Note that in the off-resonant case, no core-valence coherences are created while these are created for certain times in the resonant case. For the linear processes ((a) and (c)), ω ca > 0 implies a red (Stokes) contribution while the reverse condition implies a blue (anti-Stokes) contribution. For quadratic signals, this analysis holds only for one of the two relevant diagrams and so the quadratic signals are more difficult to interpret (since it depends on the state d). Details of the loop diagrams are given in [38] . Table I . The field-matter interaction Hamiltonian for an off-resonant Raman process in the interaction picture is given by
where α (0) represents the off-resonant polarizability, which is a Hermitian operator in the valence space (α (0) = α † +α is real). In the following, we assume that the electric field consists of short pulses which are temporally well-separated from the preparation process and Fourier
This simplifies the analysis while retaining all the essential physics. The frequency-dispersed transmission of the probe pulse (heterodynedetected, frequency-dispersed photon-number change) is given by
where ρ i = |ψ i ψ i | is the initial density matrix (immediately following the end of the state preparation process), double brackets denote Hilbert space operators that are vectors in Liouville space, I| represents the trace operator in Liouville space, and I(R) denotes the imaginary (real) part. We adopt a superoperator notation that provides a convenient bookkeeping of time-ordered Green's functions. With any ordinary operator A we associate two superoperators defined by their action on an ordinary operator X as A L ≡ AX (action from the left) and A R ≡ XA (action from the right). We further define the symmetric and
represents evolution of the matter with the probe field (since the preparatory processes have ceased) until the final interaction with the probe. We can then expand the signal perturbatively in H − to obtain signals with the desired field-scaling (linear or quadratic in intensity are considered in this paper).
Alternatively one can detect the total change in the photon number which is given by the zeroth spectral moment of S
Summary of Off-Resonant Stimulated Raman Techniques. vanish for both linear and quadratic detection protocols, so it has been omitted.
This gives
A third type of signal is given by the total change in the energy of the transmitted pulse which is the first spectral moment of S
also given by
is the most detailed measurement whereas S (N ) and S (E) are its zeroth and first spectral moments. The latter two techniques are simpler to implement experimentally since they do not require frequency-selective detectors or spectrometers. In the following we calculate the three signals (2) -(6) for a model system probed by different choices of pulse shapes and parameters.
A. Off-Resonant Signals Linear in the Probe
This technique is essentially a stimulated Raman pump-probe and is the off-resonant analogue of transient absorption. Here, the photons undergo a redistribution among field modes rather than being absorbed. Expanding Eq (2) to linear order in the field, we obtain
where G(t) = (−i/ )θ(t)e − i H 0− t is the Liouville space Green's function of the molecule. In some applications, it is necessary to carry out an exact numerical propagation of the wave function rather than using the density matrix. We can then set
where G(t) = (−i/ )θ(t)e − i H 0 t is a Hilbert space Green's function. This result can be further recast in the Heisenberg picture as
Linear Broadband (LB) Probe
We now expand the signals (9), (3), and (5) in molecular eigenstates . Using Fig. 2 (a), we obtain
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Here, ρ ac = |ρ ac |e iφ ρ ac is the initial density matrix, the phase is given by φ ac (T ) = ω ac T − φ ρ ac , and we neglect the linewidth for the valence states. In Eq. (10), terms in which ω ac > 0 (ω ac < 0) lead to broad peaks below (above) the central pulse frequency. We denote these as"red" and "blue" peaks respectively. Each pair of states therefore generates a complementary pair of red and blue contributions. The two oscillate in T with a π phase shift (as sine is an odd function of its argument). The frequency-dispersed signal therefore oscillates between Stokes (positive red contributions and negative blue) and anti-Stokes (negative red contributions and positive blue) processes as shown in Fig. 3 
(a1).
Equation (12) is plotted in Fig. 3 (b1) but, aside from indicating that some nontrivial phase is involved (since the signal doesn't vanish for T → 0), not much information is directly apparent from the time-domain measurement. Taking the Fourier transform dT e iΩT S(T ) = S(Ω) ( Fig. 3(c1) ) reveals peaks at each transition energy ω ac whose heights are given by the factor ω ac α ca |ρ ac |. The ratios of these peak heights thus give information on the polarizabilities or the magnitudes of the initial coherences. Finally, it is worth noting that φ aa (T ) = 0, ∀T so that populations do not contribute to the off-resonant linear broadband signal. These signals therefore provide a background-free detection of the electronic coherences.
Linear hybrid (LH) probe
A hybrid probe is a shaped pulse consisting of a broadband attosecond pulse E(ω) = |E 0 (ω)|e iφ 0 and a narrowband femtosecond pulse E 1 (t) = |E 1 |e −iω 1 t+iφ 1 centered at frequency ω 1 . In this case, Eq. (7) yields
where φ The photon number signal is slightly more complex: because the hybrid pulse contains both broad and narrowband components we need to take into account the contribution to the signal where the last interaction is with narrowband component. The total change in photon number vanishes, as in the broadband case,
The transmitted energy change of the shaped pulse similarly contains both narrowband and broadband components and the total energy change of the shaped pulse is given by
Note the similarity between this and Eq. (10) (they only differ by the factor ω ac E(ω)). The ω integration erodes the sharp resolution afforded by the narrowband pulse, leaving virtually the same result as the S
LH signal is shown in Fig. 4 (b1). Note that the presence of the ω ac factor which reverses the sign under a → c relative to Eq. (10) rendering both red and blue contributions the same sign for a given T . The sign of S (E)
LH (T ) then indicates whether the process is Stokes (S
Energy conservation implies that the pulse energy change and the molecular energy change must have equal magnitude and opposite sign. In particular, the diagram in Fig. 2(a) assumes that, after preparation, the molecule is in the superposition of states a and c and the final state of the molecule after interacting with transmitted pulse is a population cc.
Similarly using the permutation a ↔ c one can end up in the final state aa. If the energy of state a is higher (lower) than that of c this is a Stokes (anti-Stokes) process. The molecular energy change is given by
This result holds for an arbitrarily prepared molecular state prior to the probe.
B. Off-Resonant Signals Quadratic in the Probe
The quadratic signal (i.e., second-order in probe intensity) is obtained by expanding the exponent in Eqs. (2)- (5) to first-order. The signal can be read off the two diagrams shown in Fig. 2(b) , yielding
The corresponding Hilbert space expressions which are suitable for wavefunction-based simulations are
Eq. (20) may be alternatively recast in the Heisenberg representation
Quadratic Broadband (QB) Probe
The frequency-dispersed quadratic signal (17) for a broadband probe expanded in eigenstates reads
where the first (second) term in the square brackets corresponds to the left (right) diagrams in Fig. 2(b) . Eq. (22) has a more complex dependence on the Raman shift ω ac than the linear signal (10) . The field envelopes are now shifted by the electronic transition frequencies ω ad and ω dc which yields difference ω dc − ω da = ω ac . The quadratic signal oscillates with a phase that depends on states d other than a and c that create the resonance and involves the phases of the polarizability α (0) .
Comparing this to the corresponding linear signal (Eq. (10)) shows that a π/2 phase change. As a result, the fact that φ aa (T ) = 0 no longer eliminates contributions from populations and they form a time-dependent background to all quadratic signals. Because the initial density matrix is assumed to be perturbative (so that the ground state dominates the populations) the contribution due to populations is primarily Stokes overall. Since the contribution due to the populations is Stokes and the oscillating coherences are too weak to overcome this, the overall process is Stokes at all times T (as illustrated in Fig. 3 )(a2).
The integrated photon number vanishes S (N )
QB (T ) = 0. The energy change signal (5) is given by
Since the populations contribute a static off-set, there is now a strong zero-frequency peak in the Fourier transform of Eq. (23). Additionally, the peak heights are no longer as simply related to the α ac , ρ ac as in the linear case. In particular, since the peak heights are determined by a free summation over the intermediate state d, the terms in this sum can interfere constructively or destructively leading to enhanced or suppressed peaks (note that the ω ac = 4 eV peak is suppressed in Fig. 3 )(c2).
Quadratic Hybrid (QH) Probe
By expanding the quadratic frequency-dispersed transmission signal (17) in eigenstates we obtain
As in the linear case, the narrowband pulse allows us to clearly resolve the transition peaks.
Unlike the linear signal (13), the quadratic hybrid signal is independent of the phases of the narrowband and broadband pulses φ 1 and φ 0 and is therefore observable without phasecontrolled pulses. Just as in the broadband case, the signal is sensitive to populations which contribute a static Stokes spectrum. In Fig. 4(a2) , we plot this signal for ω 1 = ω 0 as well as separate plots for the contributions due to populations and coherences.
To calculate the integrated signals we must also include contributions from diagrams whereby the last interaction is with narrowband pulse E 1 . The total photon number change then vanishes S (N )
QH (ω 1 , T ) = 0. The corresponding pulse energy change which includes both broadband and narrowband components is
. (25) Note that in the quadratic case the energy flux involves also another state d in addition to states a and c, so the different fluxes corresponding to all relevant pairs of states should be added to get the overall energy change of the pulse.
C. Discussion of Off-Resonant Signals
In the previous section we considered a variety of heterodyne-detected signals in the offresonant regime. Here, we present these signals calculated for a simple model consisting of a ground state and two valence excitations at ε a(c) ∈ {0, 2.7, 6.8} (eV). The polarizabilities α ac are symmetric but otherwise random numbers of O(.1 − 1) and the ρ ac are random but taken from a pure perturbative state (i.e., a state |ψ in which the ground state amplitude is near unity in magnitude). (15) and (25)) as a function of narrowband frequency ω 1 and delay time T (T advances in units of ∼60 attoseconds as the dashes lengthen). The broadband detection renders individual transition peaks unobservable and the result is similar to the broadband case (Eq. (23)) but symmetric (rather than anti-symmetric) about ω = ω 0 . Note that S (E) QH (T ) < 0 revealing that the quadratic process is always Stokes while the linear process oscillates between Stokes and anti-Stokes. ω ca transitions (though the quadratic possesses a large Ω = 0 peak due to populations that is of course missing from the linear signal).
For comparison, the linear and quadratic hybrid signals are shown in figure 4 . The spectral resolution of the narrowband pulse gives sharp peaks at the ω − ω 1 = ω ac . In the linear case, each ω ac peak is due to a term that oscillates with this same frequency. However, in the quadratic case, each oscillating term contains peaks at all different ω da , ω dc (as per Eq. (24)) and the phases of the peak oscillations do not as directly reveal the phases φ ρ ac . Note that the free summation in the quadratic signal implies that peaks will be visible even for states not initially occupied (i.e. for which ρ ac = 0) while the peaks observable in the linear signal are restricted to those initially occupied. Equations (9) and (20) can be used for the numerical simulation of signals from systems undergoing complex dynamics. The Liouville space form can describe the reduced density matrix by using the SLE. The Hilbert space form is suitable for direct numerical simulation of the wavefunction that includes all degrees of freedom. It can apply e.g. to nonadiabatic dynamics at conical intersections. The eigenstate expansions (Eqs. (10)- (15) and (22)- (25)) may be used when the probe is impulsive so that the eigenstates do not vary during the probing process. Appendix A extends this treatment of off-resonant signals to a two-pulse time-domain experiment and considers the preparation by an actinic pulse.
III. RESONANT STIMULATED RAMAN TECHNIQUES
The off-resonant techniques considered in section II conserve the number of probe photons. Photon energy gets redistributed among the broadband modes: S (N ) vanishes while S (E) is finite. When the X-ray pulses are resonant with core transitions, true photon absorption can take place. This renders S (N ) finite as well revealing new matter information.
Below we discuss both linear and quadratic resonant signals.
A. Linear Probe
The signal linear in the probe intensity is given by the diagram shown in Fig. 2(c) . Due to resonant excitation, the field-matter interaction Hamiltonian may no longer be recast using a frequency-independent, off-resonant polarizability but should rather be described by a dipole interaction Hamiltonian in the rotating wave approximation (RWA)
The frequency-dispersed signal can be read off the diagram
The integrated photon number is given by
The pulse energy change is given by
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The signals (27) - (29) can be alternatively recast in the Hilbert space form suitable for numerical propagation by setting
These signals are often referred to as "transient absorption".
Linear Broadband (LB) probe
Expanding the frequency-dispersed transmission (27) as a sum over states and evaluating time integrals we obtain
where Φ ac (T ) = ω ac T − φ ρ ac , α and α represent the real and imaginary parts of the polarizability
where ω m , m = j, k is the central frequency of the pulse given by E m (t) =
where we redefined the frequency domain amplitudeẼ α (ω) to be centered at zero frequency (for a Gaussian pulse with bandwidth σ m ,Ẽ m (ω) =
, Γ e is the inverse excited state lifetime, which is assumed to be shorter than states a and c. Thus, the polarizability implicitly depends on the pulse parameters, such as its central frequency. For j = k, Eq. (32) reduces to the commonly used polarizability (see Eq. (5) of [27] ). Note that in the off-resonant case the polarizability matrix elements are real and the second term in Eq. (31) vanishes and the Stokes and anti-Stokes components oscillate with opposite phase as seen in Section II. The integrated photon number (28) is
where the integrated polarizability is given by
and we used the symmetry α
βα . We first note that the signal is given by the imaginary part of the polarizability. Therefore, when the polarizability is real (as in the 18 off-resonant case) the signal vanishes, which is consistent with our earlier result of Eq. (11).
Again the Stokes (ω ac > 0) and anti-Stokes (ω ac < 0) components oscillate with an opposite phase. The energy change of the pulse signal (29) is given by
where the tensor β represents the first moment of the polarizability:
Unlike the photon number signal (33), the energy change (35) involves both the real part of the polarizability tensor and the imaginary part of its first moment. Eq. (35) reduces to Eq.
(12) in the off-resonant case, where the polarizability is real and the second term vanishes.
Linear Hybrid (LH) probe
The frequency-dispersed transmission of the broadband pulse E(ω) (27) in the presence of the narrowband pulse E 1 (hybrid probe) is given by
where the ω 1 dependence is now implicitly included in α ca by settingẼ 1 (ω) =Ẽ 1 δ(ω). The integrated photon number (28) for a shaped pulse has to be calculated differently than the broadband case. In particular, one has to take into account the photon number change in both the broadband and narrowband pulses. This yields
where the first (second) terms in each square bracket represents the last interaction with the broadband (narrowband) pulse. For the hybrid pulse, both α and α contribute to the signal, thus providing additional molecular information than the simple broadband pulse.
Furthermore, the form of the anti-Stokes and Stokes polarizabilities suggests that the signal depends exclusively on the phase difference between both broadband and narrowband fields φ 0 − φ 1 which provides an additional control knob. Note, that in general the hybrid polarizabilities α 
Finally, the total pulse energy change (narrowband and broadband components) can be obtained from Eqs. (38) S (E)
] cos φ ac (T ) . (40) B. Quadratic Probe
The diagrams for the quadratic signal are depicted in Fig. 2(d) . We read the signal from the diagrams in Hilbert space (corresponding Liouville space expressions can be easily derived by expanding the loop diagram in the set of ladder diagrams) and obtain
where the first (second) term in Eq. (41) represents the left (right) diagram in Fig. 2(d) .
The corresponding photon number and energy change signals are given by Eqs. (3) and (5) respectively.
Quadratic Broadband (QB probe)
For a broadband pulse we expand the signal (41) in eigenstates which yields a compact
where ρ ac (T ) = |ρ ac |e −iφac(T ) . In the off-resonant case α = 0 and Eq. (42) reduces to Eq. (22) . The integrated photon number signal (3) reads
20 which clearly vanishes in the off-resonant case when α = 0. The total energy change of the pulse (5) is given by
Quadratic Hybid (QH) probe
The frequency-dispersed transmission of the broadband component of a hybrid broadnarrow probe (Eq. (41)) reads
which is similar to Eqs. (9)- (10) of [28] for the model with zero linewidth of electronic states.
The integrated photon number signal (3) which includes the change in both broadband and narrowband fields is
and the energy change of the pulse (Eq. (5)) is given by
C. Discussion of Resonant Signals
For the simulations of the resonant signals, we extended the model used in the offresonant case to include core states with energies ε x(y) ∈ {136, 141.5, 149.5} (eV). Figure 5 shows the resonant linear and quadratic broadband signals. The frequency-dispersed signals (a/b) contain the valence-core resonances but not the Raman (this is due to the lack of field resolution). However, the Raman transitions ω ac are in the same region as the shifted valence-core transitions ω xa − ω 0 so they appear similar. Since the ω xa peaks can arise from any a, c pair in the summation, the phases φ 
IV. CONCLUSIONS
We presented a systematic classification scheme applicable to spectroscopic techniques in which a nonstationary state's creation is well-seperated from it's detection (pump-probe style spectroscopies). In this scheme, a particular spectroscopic technique is specified by Finally, we note that the present formalism also applies to optical signals. X-ray signals allow one to probe valence excitations rather than vibrations. Furthermore, both the initial preparation and/or the preparation process can then be the product of an X-ray scattering, photoionization, or Auger process (as recently discussed in [24, 40] ) in addition to an X-ray We now turn to a more elaborate experiment that probes the same material quantity described by Eqs. (22) but involves two broadband pulses separated in time by delay T 2 .
At time τ 0 the system is prepared in ρ ac . Following the delay T 1 = t 1 − τ 0 the first probe 27 pulse E 1 centered at t 1 interacts with the system and after another delay T 2 = t 2 − t 1 the second pulse E 2 centered at t 2 yields the two-dimensional spectra as a function of the two time delays. The corresponding diagrams are given in Fig. 2(b) . The difference is in the detection as well as the fact that the signal is linear in intensity of E 1 as well as E 2 . The frequency dispersed transmission is a 3D signal 
This is a sum of two fluxes a → d and c → d. Note, that compared to the signal (23), the two-pulse signal (A2) carries information about the phase and dynamics of the system after interacting with the probe E 1 during the delay T 2 . This is not accessible by the QB signal.
Multidimensional Stimulated Raman Spectroscopy with an Off-Resonant Actinic Excitation
There are multiple ways to prepare initial state ρ ac superposition. These include photoionization, Auger process, off-resonant or resonant impulsive Raman excitation. So far we did not specify the preparation. In the standard formulation of multidimensional spectroscopy, the molecule is prepared by a series of short temporally well-separated pulses E j at time τ j , j = 1, 2, .... 
The same result can be obtained by neglecting the preparation (at τ 0 system is in ρ g ) and expanding the dynamics between preparation time τ 0 and interaction with the probe pulse at t assuming series of short pulses prior to the probe pulse.
In many X-ray spectroscopy applications, a single resonant actinic pulse E A prepares the system in the superposition of valence states. We consider an off-resonant preparation.
We do not expand the signal in sum over states and obtain a general expression for the initial state described by the density matrix ρ i (τ 0 ) assuming that the preparation process is temporally well separated from the probe
The linear frequency-dispersed transmission signals (7) then reads 
The quadratic frequency-dispersed transmission signal (17) is 
These agree with original expressions obtained for homodyne detection [13] . The photon number and energy change signals can be obtained similarly. They provide a different gating of the same response function given by multiple commutators of the bare polarizability α (0) .
